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of a class of polynomial with ±1 coeﬃcients. Their key result was:
Theorem. (See Borwein, Choi, Yazdani, 2001.) Let f (z) = ±z±z2±· · ·±
zN−1 , and ζ a primitive Nth root of unity. If N is an odd positive integer
then
max
i
∣∣ f (ζ i)∣∣√N
with equality if and only if N is an odd prime.
Moreover, if equality holds, they gave an explicit construction
for f (z). In this paper, we look at the case when N is even. In
particular, we investigate the following
Conjecture. Let f (z) and ζ be as above. If N > 2 is an even positive
integer then
max
i
∣∣ f (ζ i)∣∣√N + 1
with equality if and only if N + 1 is a power of an odd prime.
This conjecture was made after extensive computations. Partial
results towards proving this conjecture are given.
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Recall that the set of Littlewood polynomials is deﬁned as ±zN ± zN−1 ± · · · ± z ± 1. For technical
reasons, we ﬁnd it more convenient to consider the set of polynomials with constant term 0, that is
z times a Littlewood polynomial. Deﬁne the set of Littlewood-like polynomials of degree N − 1 as
LN =
{±z ± z2 ± · · · ± zN−1}.
For f =∑N−1i=1 ai zi ∈ LN , let f ∗ =∑N−1i=1 aN−i zi be the reciprocal polynomial (i.e. f ∗(z) = zN f (1/z)),
and
AN =
{
f (z) ∈ LN
∣∣ f (z) = (−1)N/2 f ∗(−z)}
be the subset of anti-skewsymmetric polynomials. We let a0 = 0 throughout this paper. Note that if
f (z) =∑i ai zi ∈ AN then aN−i = (−1)N/2+iai . We say that a polynomial f ∈ LN or AN that satisﬁes
Eq. (1.1) with equality is an optimal polynomial.
In [5], the case when N is odd was investigated:
Theorem 1.1. (See Borwein, Choi, Yazdani, 2001.) Let f (z) =∑N−1i=1 ai zi ∈ LN and ζ a primitive Nth root of
unity. If N is an odd positive integer then
max
i
∣∣ f (ζ i)∣∣√N
with equality if and only if N is prime. Moreover, if equality holds, then a1 f (z) is a Fekete polynomial, that is
ai = a1( iN ), where ( ·N ) is the Legendre symbol.
Notice, if N is a prime number, and f is a Fekete polynomial of degree N−1, then for ζ a primitive
Nth root of unity we have that | f (ζ i)| = √N for i = 1,2, . . . ,N − 1 and f (1) = 0.
An obvious question that arose from this study was: what happens if N is even?
Based on extensive calculation, the authors make the following
Conjecture 1.2. Let f (z) = ±z ± z2 ± · · · ± zN−1 . Let ζ be a primitive Nth root of unity. If N > 2 is an even
positive integer then
max
i
∣∣ f (ζ i)∣∣√N + 1 (1.1)
with equality if and only if N + 1 is a power of an odd prime.
Speciﬁcally this conjecture is veriﬁed for N  42 for all Littlewood-like polynomials, and for N  84
for anti-skewsymmetric polynomials. More on these, and other computations can be found in Sec-
tion 5.
Throughout this paper, let p be an odd prime and q = pk a prime power. Let Fq be the ﬁnite ﬁeld
with q elements in it. We denote F∗q the group of invertible elements in Fq . Let χ : Fq → {0,±1} be
the quadratic residue map, that is χ(c)+1 is the number of solutions to z2 = c in Fq . It is well known
that χ restricted to F∗q is a group homomorphism to the group of two elements. If N + 1 = q = pk ,
then Fq will have a primitive Nth root of unity, which we will denote by r.
Note that LN ⊂ Z[x], however in some cases it is useful to treat LN ⊂ Fq[x]. When N + 1 = q,
for any choice of ζ and r a primitive Nth root of unity, there is a natural map π taking Z[ζ ] to Fq ,
sending ζ to r.
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Theorem 1.3. Let f ∈ AN , and ζ a primitive Nth root of unity. If N > 2 is an even number then
max
i
∣∣ f (ζ i)∣∣√N + 1. (1.2)
Furthermore, if equality is achieved then | f (ζ i)| = √N + 1 for all but two values of i ∈ {0,1, . . . ,N − 1}. At
these other two values of i, we have | f (ζ i)| = 1.
In the above theorem, we needed the assumption that f ∈ AN in the proof. This is somewhat un-
fortunate, because computationally it appears that for f ∈ LN the inequality (1.2) is always satisﬁed,
and when it is an equality we have f ∈ AN (see Section 5). If we could replace AN in Theorem 1.3
with LN , then we would have proved one part of Conjecture 1.2. The proof is similar to the case
when N is odd, although we have to work slightly more because the parity argument in [5] fails in
this case.
In Section 3, for N + 1 a prime power, we construct a Littlewood-like polynomial g satisfying
maxi |g(ζ i)| =
√
N + 1. Most f found satisfy this property (see Section 5), but there are a few unusual
exceptions to this rule. None of these exceptions contradict Conjecture 1.2, and none of them occur
when N + 1 is not a power of an odd prime.
We will present some evidence for Conjecture 1.2 in Section 4 by proving it under extra (unfortu-
nately fairly restrictive) assumptions on f .
In Section 5 we give some computational evidence in support of our conjecture. In addition, we
make some concluding comments, and list some possible future directions for this work.
2. A proof of Theorem 1.3
The proof of this theorem is similar to the odd N case, although the parity argument needs to be
modiﬁed. Let ζ ∈ C be a primitive Nth root of unity. Let
h(z) =
N−1∑
k=0
ckz
k
where ck =∑ j−≡k a ja and the sum is over all 0  j,  < N with j −  ≡ k (mod N). (Recall that
a0 = 0.) We have the following
N−1∑
i=0
∣∣ f (ζ i)∣∣2 = N−1∑
i=0
f
(
ζ i
)
f
(
ζ−i
)
=
N−1∑
i=0
N−1∑
l=1
N−1∑
j=1
a jalζ
i( j−l)
=
N−1∑
i=0
N−1∑
k=0
∑
j−l≡k
a jalζ
ki
=
N−1∑
i=0
h
(
ζ i
)
= Nc0
= N(N − 1). (2.1)
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N−1∑
i=0
∣∣ f (ζ i)∣∣4 = N−1∑
i=0
(
f
(
ζ i
)
f
(
ζ−i
))(
f
(
ζ−i
)
f
(
ζ i
))
=
N−1∑
i=0
h
(
ζ i
)
h
(
ζ−i
)
=
N−1∑
i=0
N−1∑
j=0
N−1∑
k=0
c jckζ
i( j−k)
=
N−1∑
k=0
N−1∑
j=0
c jck
N−1∑
i=0
ζ i( j−k)
= N
N−1∑
j=0
c2j
= N(N − 1)2 + N
N−1∑
j=1
c2j . (2.2)
Now if a ja = 0 we have a ja ≡ a j + a − 1 (mod 4). Furthermore, a0ak = 0 ≡ a0 + ak − 1 +
(1− ak) (mod 4). Therefore
ck =
∑
j−≡k
a ja
≡
( ∑
j−≡k
a j + a − 1
)
+ (1− ak) + (1− aN−k) (mod 4)
≡ 2
(∑
j
a j
)
− N + 2− (ak + aN−k) (mod 4)
≡ 2 f (1) + N + 2− (ak + aN−k) (mod 4)
≡ 2+ N + 2− (ak + aN−k) (mod 4)
≡ N − (ak + aN−k) (mod 4).
Since we are assuming that f ∈ AN , we have that aN−k = (−1)k+N/2ak , we get
ck ≡ N − ak
(
1+ (−1)k+N/2) (mod 4)
≡ N + (1+ (−1)k+N/2) (mod 4)
≡
{
2 if k even,
0 if k odd.
(2.3)
Therefore |ck| 2 when k is even, and so c2k  4. By Eqs. (2.2) and (2.3) we have
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i=0
∣∣ f (ζ i)∣∣4 = N(N − 1)2 + N N−1∑
k=1
c2k
 N(N − 1)2 + N
(
N − 2
2
)
4
= N(N2 − 3). (2.4)
Hence by Eq. (2.1) we have
N−1∑
i=0
(∣∣ f (ζ i)∣∣2 − 1)= N(N − 2),
which, combined with Eq. (2.4) gives us
N−1∑
i=0
(∣∣ f (ζ i)∣∣2 − 1)2  N2(N − 2).
Note that f is assumed anti-skewsymmetric, and hence
∣∣ f (ζ i)∣∣= ∣∣ f (−ζ i)∣∣= ∣∣ f (ζ i+N/2)∣∣.
Therefore we have
N/2−1∑
i=0
(∣∣ f (ζ i)∣∣2 − 1)= N(N − 2)/2, (2.5)
N/2−1∑
i=0
(∣∣ f (ζ i)∣∣2 − 1)2  N2(N − 2)/2. (2.6)
Let xi = N+1−| f (ζ i)|2N . From (2.5) and (2.6) we get that
∑
xi = 1,∑
x2i  1.
If maxi | f (ζ i)|
√
N + 1 then 0 xi , and since ∑ xi = 1 we have xi  1. Hence x2i  xi , for all i. But
this gives that
1
∑
x2i 
∑
xi = 1
which implies that x2i = xi (hence xi ∈ {0,1}) for all i. In particular, this implies that xi = 0 for all
except exactly one xi . Translating back to information about f (ζ ) we get
max
∣∣ f (ζ i)∣∣√N + 1.i
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two values is 1.
By noticing that f ∈ AN we have
∣∣ f (ζ i)∣∣= ∣∣ f (ζ−i)∣∣= ∣∣ f (−ζ i)∣∣= ∣∣ f (−ζ−i)∣∣
hence we see that if f (ζ i) = ±1, then ζ i = ±1, or ζ i = ±√−1.
3. A construction giving equality
In this section, we will give a constructive proof for a polynomial with the desired property, given
by (3.2).
Theorem 3.1. Let N = q − 1 = pk − 1 be one less than a prime power. Let r be a primitive Nth root of unity
in Fq. Deﬁne
g(z) =
N−1∑
i=1
ai z
i, (3.1)
with ai = χ(ri − 1) where χ is the quadratic residue map. Then g(z) ∈ AN , and has the desired property that
max
i
∣∣g(ζ i)∣∣= √N + 1 (3.2)
where ζ is a primitive Nth root of unity.
We say that a polynomial ±g(z) constructed via Theorem 3.1 is a Fekete-like polynomial. We ﬁrst
need the following well-known
Lemma 3.2. For any b ∈ Fq we have
∑
a∈Fq
χ(a)χ(a + b) =
{−1 if b = 0,
q − 1 if b = 0. (3.3)
See [7] for discussions on Lemma 3.2, and more general problems relating to it.
Proof of Theorem 3.1. We use Lemma 3.2 to calculate |g(ζ k)|2. Note that
∣∣g(ζ k)∣∣2 = g(ζ k)g(ζ−k)
=
∑
, j
χ
(
r − 1)χ(r j − 1)ζ k(− j)
=
∑
i, j
χ
(
ri+ j − 1)χ(r j − 1)ζ ki
=
∑
i, j
χ
(
ri
)
χ
(
r j − r−i)χ(r j − 1)ζ ki
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∑
i, j
χ
(
ri
)
χ
(
r j − 1− (r−i − 1))χ(r j − 1)ζ ki
=
∑
i
(−1)iζ ki
∑
j
χ
(
r j − 1)χ(r j − 1− (r−i − 1)).
Let 1− r−i = b, then the inner sum becomes
∑
j
χ
(
r j − 1)χ(r j − 1+ b)= ( ∑
a∈Fq
χ(a)χ(a + b)
)
− χ(−1)χ(−1+ b)
=
( ∑
a∈Fq
χ(a)χ(a + b)
)
− χ(1− (1− r−i))
=
( ∑
a∈Fq
χ(a)χ(a + b)
)
− χ(r−i)
=
{−1− (−1)i if b = 0,
q − 2 if b = 0.
Therefore the inner sum is just −1− (−1)i , and hence
∣∣g(ζ k)∣∣2 = q − 2+ q−2∑
i=1
(−1)iζ ki(−1− (−1)i)
= q −
q−2∑
i=0
(
ζ ki + (−ζ )ki)
=
{
1 if ζ k = ±1,
q otherwise.
Therefore we get that the polynomial g satisﬁes the desired result. 
4. Uniqueness
In this section we study how easy it is for a Littlewood-like polynomial to satisfy equality of
Conjecture 1.2. Speciﬁcally, for f ∈ LN (or even f ∈ AN ), if we have
∣∣ f (ζ k)∣∣2 = {1 if ζ k = ±1,
q otherwise,
(4.1)
then what properties does f satisfy?
Assume that f satisﬁes condition (4.1) above. Let p|N + 1 and let N|q − 1 = pk − 1. (If N + 1
is a power of a prime, then q = N + 1.) Let ζ be a primitive Nth root of unity in C, and r be a
primitive Nth root of unity in Fq . Let π : Z[ζ ] → Fq by π(ζ ) = r. Note that for any k, with N2  k
we have that | f (ζ k)|2 = f (ζ k) f ∗(ζ k) = q. Therefore, in this case π( f (ζ k) f (ζ−k)) = 0, which implies
f (rk) f (r−k) = 0, where f is the image of f in Fq[z]. For the rest of this section we will focus our
attention to polynomials over Fq , and as such, to simplify notation, we will use f instead of f . This
gives us that {r±1, r±2, . . . , r±(N/2−1)} are all roots of f (z) f ∗(z), or equivalently that
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x2 − 1
∣∣∣∣ f (z) f ∗(z),
where all polynomials are elements of Fq[z]. Computationally it seems that we have tighter conditions
on the roots most of the times. Namely for most optimal polynomials there exists a primitive Nth
root of unity r such that f (ri) = 0 for i = 1,2, . . . ,N/2 − 1. Of the 700 optimal polynomial found in
Section 5, 690 of them had this property. (There were 2 for N = 8 that did not, and 8 for N = 58.)
See Section 5 for more on the computations.
If we assume that the roots of f ∈ Fq[z] satisﬁes these conditions we get
Theorem 4.1. Let p|N + 1 and let N|q − 1 = pk − 1. Let r ∈ Fq be a primitive Nth root of unity. Assume that
f ∈ LN ⊂ Fq[z] such that f (ri) = 0 for i = 1,2, . . . ,N/2− 1. Then q = N + 1 and f (z) = ±∑χ(ri − 1)zi .
Proof. Let
fˆ (z) =
N−1∑
i=0
f
(
r−i
)
zi .
(This is the Fourier transform of f with respect to r.) If f (z) =∑i ai zi , and fˆ (z) =∑i bi zi , then
f
(
r−i
)= bi,
fˆ
(
r j
)= Na j
= −a j.
Therefore, by our assumptions we get that fˆ ∈ Fq[z] of degree at most N/2, as bN−i = f (ri) = 0 for
i = 1,2, . . . ,N/2 − 1. However, since ai = ±1 we get that fˆ (1) = 0, and fˆ 2(z) = 1 for z any root of
(zN − 1)/(z − 1). Therefore
fˆ (z)2 − 1 = z
N − 1
z − 1 h(z)
for some linear function h(z), since the degree of fˆ is at most N/2 we get that fˆ 2 has degree no
more than N . Evaluating at 1 we get fˆ (1)2 − 1 = Nh(1), which implies h(1) = 1. Taking the derivative
of both sides and evaluating at 1 we get
0 = 2 fˆ (1) fˆ ′(1) =
(
d
dz
zN − 1
z − 1 h(z)
)∣∣∣∣
z=1
=
(
d
dz
(1+ (z − 1))N − 1
z − 1 h(z)
)∣∣∣∣
z=1
=
(∑
k
(
N
k + 1
)
(z − 1)kh′(z) + k
(
N
k + 1
)
(z − 1)k−1h(z)
)∣∣∣∣
k=1
=
(
Nh′(1) + N(N − 1)
2
)
h(1)
= h(1) − h′(1),
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fˆ (z)2 = z
N+1 − 1
z − 1 .
Let N + 1 = Mpα where (M, p) = 1. We will ﬁrst prove that M = 1. Note that since we are working
in characteristic p we get
zN+1 − 1 = zMpα − 1 = (zM − 1)pα .
However we have
zN+1 − 1
z − 1 = (z − 1)
pα−1(1+ z + · · · + zM−1)pα
is a perfect square. However, 1 + z + · · · + zM−1 is square free and hence (1 + z + · · · + zM−1)pα is
not a perfect square, unless M = 1. This proves that N + 1 = q, and fˆ (z)2 = (z − 1)N . This give us
fˆ (z) = ±(z − 1)N/2. Hence
ai = − fˆ
(
ri
)= ±(ri − 1)N/2 = ±χ(ri − 1)
and hence
f (z) = ±
∑
χ
(
ri − 1)zi
as desired. 
Remark 4.2. Note that the only place where we used the assumption that f (r) = f (r2) = · · · =
f (rN/2−1) = 0 was to bound the degree of fˆ , or equivalently to show that h is linear. This in turn
is suﬃcient to ﬁnd exact value for fˆ (z)2. Without this assumption we can ﬁnd fˆ (z)2 modulo zN − 1,
however we do not know how to use this to show N + 1 = q.
5. Computational veriﬁcation of conjectures & ﬁnal comments
We have done extensive computations on the space of Littlewood-like polynomials in support of
some of our conjectures.
First thought, it is worth observing a simple
Fact 5.1. Let f ∈ LN , and ζ be a primitive Nth root of unity.
• If g(z) = ± f (±z) then
max
i
∣∣ f (ζ i)∣∣= max
i
∣∣g(ζ i)∣∣.
• Let gcd(k,N) = 1 and g(x) ≡ f (xk) (mod xN − 1), where g(x) ∈ LN . Then
max
i
∣∣ f (ζ i)∣∣= max
i
∣∣g(ζ i)∣∣.
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Small Fekete-like polynomials.
N Polynomial max | f (ζ i)| Sup norm L4 norm Merit factor # Real roots
4 ++-
√
5 2.2361 1.8212 4.5000 0
6 ++--+
√
7 3.6056 2.5900 1.2500 0
8 +++--+-
√
9 3.1034 2.7233 8.1667 0
10 ++-++---+
√
11 5. 3.3166 2.0250 0
10 ++---+--+
√
11 5.0000 3.3166 2.0250 1
12 +++---+--+-
√
13 3.8023 3.3831 12.100 1
12 ++----+-++-
√
13 5.2086 3.7369 1.6351 1
16 +++-+--++----+-
√
17 5.4574 4.1722 2.8846 1
16 ++-----++-+-++-
√
17 5.2957 4.1722 2.8846 1
16 ++++--+---++-+-
√
17 5.5205 4.1722 2.8846 0
16 ++-++-+----+++-
√
17 5.2957 4.1722 2.8846 0
18 ++++---++--+--+-+
√
19 6.0470 4.3829 3.6125 0
18 ++-+-++--++-----+
√
19 6.0520 4.3829 3.6125 1
18 ++--+----+-+++--+
√
19 8.0623 4.7216 1.3894 1
22 +++-----++--++-+-++-+
√
23 6.7082 4.8228 4.4100 0
22 ++-++++--+---++-+---+
√
23 6.7082 4.8228 4.4100 0
22 ++----+---++-+++-+--+
√
23 7.3351 5.0858 1.9342 1
22 +++----+--++---+-++-+
√
23 7.3047 5.0858 1.9342 1
22 ++++--+--+---+++--+-+
√
23 7.6593 5.0858 1.9342 0
24 +++-+-++-++--+++-----+-
√
25 7.6006 5.2209 2.4720 0
24 ++--+-+++++--+-+----++-
√
25 7.9767 5.2209 2.4720 0
26 +++--+--+----+-+++---++-+
√
27 8.5440 5.6248 1.6622 1
26 ++++-+--++-++---++----+-+
√
27 8.2799 5.4358 2.5202 0
28 +++--++-+-++++-+-----++--+-
√
29 8.5230 5.7260 2.1069 0
28 +++-+++---++++-+--+--+---+-
√
29 7.3451 5.4512 4.7338 0
28 ++-+--+----+--+++-+---++++-
√
29 7.7758 5.5474 3.3440 1
28 +++++---+-++--++----+--+-+-
√
29 7.3457 5.4512 4.7338 1
28 ++++-----+--++--+++-+-++-+-
√
29 7.6504 5.5474 3.3440 0
28 ++-+-----++-++---++-+-++++-
√
29 8.9304 5.6388 2.5851 2
30 ++-+-+--++-++-+++---++------+
√
31 9.2195 5.7708 3.1381 1
30 ++-++-+++--+-+-----++-+++---+
√
31 9.2195 5.7708 3.1381 0
30 +++-++-----+++--+--+-+--+++-+
√
31 9.2195 5.9305 2.1237 0
30 +++--+++------++-+-+--+--++-+
√
31 7.2801 5.5966 6.0071 1
The proof is left to the interested reader.
For the data collected for the conjecture, we
(1) Constructed all Fekete-like polynomials as given in Theorem 3.1 up to degree N = 500.
(2) Found all optimal polynomial f ∈ LN , with N  42 and all f ∈ AN , with N  84 such that
maxi | f (ζ i)| =
√
N + 1.
There were 16618 Fekete-like polynomials found using Theorem 3.1 up to degree N = 500.
There were 700 optimal polynomials found through explicit search, as described in (2) above. The
ﬁrst observation in Fact 5.1 was explicitly used in this second computations. We only searched for
those f ∈ LN , or AN where f (x) = x+ x2 ± · · · . This cut our search space by a factor of 4.
Some data is provide in Tables 1 and 2, for small degree examples. The ﬁrst observation in Fact 5.1
was used, and only those examples where f (x) = x + x2 ± · · · are given. The full data can be found
at [11].
Of the 700 optimal polynomial found by test (2), almost all satisﬁed f (±1)2 = 1. The only excep-
tion we found was when N = 8, and is given by the polynomial
f8(z) = −x7 + x6 − x5 + x4 + x3 + x2 + x
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Small Littlewood-like.
N Polynomial max | f (ζ i)|2
2 + 1.000000
4 ++- 5.000000
6 ++--+ 7.000000
8 ++++-+- 9.000000
8 +++--+- 9.000000
10 ++-++---+ 11.000000
10 ++---+--+ 11.000000
12 +++---+--+- 13.000000
12 ++----+-++- 13.000000
14 +++++-+--++-- 19.317667
14 +++-+++-+--+- 19.317667
14 +++---+-++-++ 19.317667
14 +++----+---+- 19.317667
14 ++-++-+---+++ 19.317667
14 ++--++-+----- 19.317667
16 ++++--+---++-+- 17.000000
16 +++-+--++----+- 17.000000
16 ++-++-+----+++- 17.000000
16 ++-----++-+-++- 17.000000
18 ++++---++--+--+-+ 19.000000
18 ++-+-++--++-----+ 19.000000
18 ++--+----+-+++--+ 19.000000
20 +++++-+-++---++--+- 25.000000
20 +++++-+-+--+--++--- 25.000000
20 ++++--+-++---+---+- 25.000000
20 ++++--+-+--+---+--- 25.000000
20 +++-+++-++-+-++---- 25.000000
20 +++-+++-++----++-+- 25.000000
20 +++--++-++-+-+----- 25.000000
20 +++--++-++-----+-+- 25.000000
22 ++++--+--+---+++--+-+ 23.000000
22 +++----+--++---+-++-+ 23.000000
22 +++-----++--++-+-++-+ 23.000000
22 ++-++++--+---++-+---+ 23.000000
22 ++----+---++-+++-+--+ 23.000000
along with the 3 related polynomials given by Fact 5.1. The authors conjecture that these are the only
exceptions.
As well, in Theorem 4.1, we assumed that there exists an r, a primitive Nth root of unity in Fq ,
such that f (r) = f (r2) = · · · = f (rN/2−1) = 0 in Fq . There are two known exception to the case which
are still optimal polynomial. The ﬁrst is f8 above. The second is when N = 58 and is given by
f58 = x57 − x56 − x55 + x54 + x53 + x52 + x51 + x50 + x49 + x48 − x47
+ x46 + x45 − x44 − x43 − x42 − x41 + x40 − x39 − x38 − x37 + x36
+ x35 − x34 + x33 + x32 − x31 + x30 − x29 − x28 − x27 − x26 + x25
+ x24 + x23 − x22 − x21 + x20 − x19 − x18 − x17 + x16 − x15 + x14
+ x13 − x12 − x11 − x10 + x9 − x8 + x7 − x6 + x5 − x4 − x3 + x2 + x
along with its 7 related polynomials given by Fact 5.1. Here the roots seem to satisfy a much different
property. Namely, if f (r) ≡ 0 (mod 59) then f (r7) ≡ 0 (mod 59). As {7i} (mod 58) has an orbit of
size 7, this partitions the roots of f58 into 4 groups of size 7, 14 of which are primitive, and 14 of
which are not.
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found, if f is an optimal polynomial then f is a Fekete-like polynomial, as constructed by Theo-
rem 3.1.
In our search for examples of polynomials, we restricted our search to f ∈ AN when N  44.
When N  42, we searched all f ∈ LN . In this search for N  42, which found 216 polynomials,
we did not ﬁnd any polynomial in LN \ AN . We conjecture that all optimal polynomials are anti-
skewsymmetric.
In the proof of Theorem 1.3, we needed f ∈ AN to give a lower bound on ∑ c2k . If we allow
f ∈ LN , we could get all ck ≡ 0 (mod 4) for k = 0 (for example, use f = x + x2 + · · · + x5), so we
cannot use a modular argument to get the desired inequality. It is not clear what methods should be
used to replace this method.
It is worth observing that this problem is very reminiscent of a number of problems that come
up in the study of Barker polynomials. In these problems, one looks at a sequence of integers
a0,a1, . . . ,aN−1 ∈ {±1} and deﬁne the c′k =
∑
i− j=k aia j . In this paper we are looking at the cyclic
autocorrelation problem (summing over i − j ≡ k (mod N)), with a0 = 0, where as the Barker poly-
nomial problem looks at the acyclic autocorrelation problem (summing over i − j = k) with a0 = ±1.
See for example [6,9,10,13].
In our proof of Theorem 3.1, we made use of Lemma 3.2, which states that
∑
a∈Fq
χ(a)χ(a + b) =
{−1 if b = 0,
q − 1 if b = 0. (5.1)
In [7], it is shown that it is possible for this property (5.1) to hold, but for χ not to be a multiplicative
function. In fact, they give an explicit example over F9 (see Example 2 of [7]). The obvious method
of computing
∑
χ(ri − 1)xi with these non-multiplicative functions χ does not give us an optimal
polynomial. That is partly because in the proof of Theorem 3.1 we also used the fact that χ is a
multiplicative function. It is not clear if these non-multiplicative functions are related to other optimal
polynomials.
In the proof of Theorem 4.1, we needed to make an extra assumption on the roots of the optimal
polynomial over some ﬁnite ﬁeld. This assumption is clearly too restrictive since there exists other
optimal polynomials that don’t satisfy the said assumptions. It is not clear if it would be possible to
give a more complete description than Theorem 3.1 such that we would have a complete description
of all optimal polynomials. Currently as it stands, we don’t even know that if equality holds, then
N + 1 must be a prime power, although all evidences seems to suggest this.
One of the oldest conjectures, of Littlewood, concerning these types of problems is, does there
exist C1 and C2, and a family of polynomials h with ±1 coeﬃcients such that
C1
√
deg(h)
∣∣h(z)∣∣ C2√deg(h) (5.2)
for all |z| = 1. For more discussion on this conjecture, see [3]. Proving the easier conjecture, with
respect to the upper bound only, looked promising for the Fekete polynomials hN(z) =∑( iN )zi for
an odd prime N , since maxi |hN(ζ i)| =
√
N . Unfortunately the values off of these roots of unity is
suﬃciently large so that the partial conjecture cannot be proved in this way. In particular, with the
standard Fekete polynomials, it is known that
2
π
√
N log log(N) <max|z|=1
∣∣hN(z)∣∣
 √N log(N). (5.3)
See [12]. One obvious question from this is, what happens with the Fekete-like polynomials? Can
bounds such as (5.3) be found? It clearly cannot satisfy Littlewood’s original conjecture, as f (±1)2 = 1
for all Fekete-like polynomials.
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Fig. 2. Sup norm of Fekete-like polynomials – normalized by log(N)
√
N .
Computationally it appears that the maximum grows faster than
√
N . In fact, it appears that for
large N that
C1 log log(N)
√
N <max|z|=1
∣∣ f (z)∣∣< C2 log log(N)√N
with C1 > 0.85 and C2 < 1.45. This has the same sort of order as the lower bound for Fekete polyno-
mials. See Figs. 1 and 2.
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One related questions to this concerns the L4 norm, or the Merit factor of such polynomials. In [4]
an explicit value for the L4 norm, and Merit factors for Fekete polynomials is given. Recall the Lα
norm and Merit factor are deﬁned as
‖ f ‖α =
(
1
2π
2π∫
0
∣∣ f (eiθ )∣∣α dθ
)1/α
,
MF( f ) = ‖ f ‖
4
2
‖ f ‖44 − ‖ f ‖42
.
Here the L2 norm of a polynomials is the square root of the sum of the squares of the coeﬃcients, so
in our case
√
N − 1. For example, they show that, for hN a Fekete polynomial that
‖hN‖44 =
5
3
N2 − 3N + 4
3
− 12C(−q)2
where C(−q) is the class number of Q(√−q ). The expected value of the L4 norm of a Littlewood
polynomial is 21/4
√
N , which gives a Merit factor of 1. For Fekete polynomials, the asymptotic Merit
factor is 3/2, and if we move to the Turyn polynomials (which are a cyclic shift of the Fekete poly-
nomials) we can get up to a Merit factor of 6. An obvious question is, what happens with Fekete-like
polynomials? It appears that the L4 norm grows like C
√
N where 1.04 < C < 1.11. Computation-
ally it appears that the Merit factors of these polynomials is tending to 3 for large N . See Figs. 3, 4
and 5.
Another property of Fekete polynomials that has been much studied is the locations of their roots.
Initially, if we only look at primes less than 1000, there are very few (23 in total) Fekete polyno-
mials that have real roots in the interval (0,1). This trend does not continue. In particular, Baker
and Montgomery [1] show that for almost all large primes N , that the Fekete polynomial hN has a
large number of zeros in this interval. See also [2] for an alternate discussion on this topic. In [8], it
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Fig. 5. L4 norm of Fekete-like polynomials – normalized by
√
N .
is shown that more than half of the roots of Fekete polynomials are on the unit circle. An obvious
question is again, what happens with Fekete-like polynomials? Computationally it appears that the
Fekete-like polynomials have no roots on the unit circle, ever. The Fekete-like polynomials can have
roots in the interval (0,1), and appears to happen quite often (about 3/4 of the time). In the other
direction, we haven’t found any Fekete-like polynomial with more than 5 real root in this interval.
Based on the data, it appears likely that the number of roots grows somewhat with N , so it should
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be possible to ﬁnd polynomials with an arbitrary number of roots in [0,1], for large enough N . See
Fig. 6.
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